Introduction
Let G be a discrete group, and V be a normed vector space. The group of affine isometries of an affine space of linear part V , is isomorphic to V ⋊ −−→ IsomV , where −−→ IsomV is the group of linear isometries of V . Thus, an isometric affine action of G on V gives, by quotient, a representation λ : G → −−→ IsomV , and, by cancellation with a section, a map c : G → V satisfying the cocycle condition for λ, namely
c(gh) = c(g) + λ(g)c(h)
for all g, h ∈ G. Conversely, a representation λ : G → −−→ IsomV and a cocycle c : G → V produce an affine isometric action of G on V (seen as affine space) by the formula gv = λ(g)v + c(g).
The cocycle c is a coboundary, meaning that it satisfies c(g) = d−λ(g)d (for some d ∈ V and any g ∈ G) if and only if there is a fixed vector in V for G (in which case, it is that vector d). The cocycle is proper (meaning that c(g) → ∞ if g → ∞ in G) if and only if the action is metrically proper (meaning that for all v, gv → ∞ if g → ∞).
For V a Hilbert space, the existence of a proper isometric action of G on V is the Haagerup property for G, and is a fierce negation of property (T), since the latter is equivalent to the existence of a fixed point for any action on a Hilbert spaces.
In this note we are interested in the case where V is an L p -space for p > 1, that is a Banach space of the form L p (Ω, W ), where W is a uniformly convex Banach space. A proper action of G on an L pspace is a weakening of a too strong rigidity property of the type of property (T). A contrario, according to [BFGM07] , the lattices SL n (Z), for n ≥ 3, have a fixed point property for all action on L p -spaces (for 1 < p < ∞).
Discrete countable groups acting properly discontinuously on CAT(0) cubical complexes do act properly on a Hilbert (or L 2 ) space [NR97,
. Hyperbolic groups do act properly on some L p -space, for some p > 1 [ Yu05, AL17] . The p needed is interesting: there are hyperbolic groups with property (T) (for instance lattices in Sp(n, 1) according to Kostant [Kos69] ) and Fisher-Margulis according to [BFGM07] show that if a group has property (T), then there is an ǫ > 0 such that this group has a fixed point for any action on an L p and for all p ∈ [2, 2 + ǫ). Let us illustrate these results in the case of a free group. Let E be the set of oriented edges of a Cayley tree for the free group and let V 1 = ℓ 2 (E, R). The representation λ is induced by the natural action of G on the tree. Let d be the vector of ℓ ∞ (E, R) defined by d(e) = 1 if e points toward 1 in the tree (meaning that the end of e is closer to 1 than the origin of e), and d(e) = 0 otherwise (note that d is not in
It is a coboundary, hence a cocycle. But the support of c(g) is the set of edges in the oriented segments [1, g] and [g, 1]. These supports are finite, and therefore c takes its values in V 1 . One checks easily that c(g) grows like the square root (because we are in ℓ 2 ) of the length of the interval [1, g] in the Cayley tree, hence the cocycle c is proper.
The representation λ is the natural one, extending to the diagonal action of G on G × G. We define a vector d ∈ ℓ ∞ (G, ℓ 1 (G, R)) as the map that, to h = 1 associates the Dirac mass on the neighbor of h closest to 1, and d(1) is the null function. One notices that under the natural embedding of E ⊆ G × G, this d extends by 0 the vector constructed above. Again,
, but that actually takes values in V 2 since c(g) has finite support for all g. Indeed, for a fixed h ∈ G, the map c(g)(h) : G → R is null everywhere except possibly on the two neighbors of h that are respectively closer to 1 and to g, on which it takes values 1 and −1, or 0 if these points are equal. Hence for g fixed, the map c(g)(·) : G → R is finitely supported on the interval [1, g] in the Cayley tree and has ℓ 2 norm proportional to the distance between 1 and g, showing that c is in fact a proper cocycle.
This idea has been generalized using a coarse version of "taking the neighbor closest to 1". The constructions involved in [Yu05] and in [AL17] use a coarse geodesic flow from 1 to h and from g to h and the comparison of the arrivals of these flows. In free groups, they arrive exactly at the same point if h is not on the segment [1, g], but in hyperbolic groups, there could be a difference. Still, this difference is exponentially small in the Gromov product (1 · g) h , allowing to adjust the exponent p to beat the growth of the group.
In all these cases, one has to evaluate "how much" an element h should be thought of as being between 1 and g. In both cases, one estimates the difference between how one does see 1 from h and how one does see g from h.
In this note, we cast this point of view in the language of tangent bundles. We define a suitable notion of a tangent space for a metric measured space, endowed with a group action, and give a definition of negative curvature for such a tangent space. We then prove that properties of this tangent space give rise to an action of our group on some L p space, which is proper under some suitable assumptions.
Theorem 0.1. Let X be either a CAT(-1) space or a quasi-tree. Assume that G has a metrically proper action on X with finite critical exponent δ. If X is CAT(-1), assume furthermore that the orbits are quasi-isometrically embedded in X. Then G has a proper affine action on some L p space, for any p > max(1, δ).
Note that a group acting properly on a quasi-tree is virtually free, so in fact this group has a proper affine action on a Hilbert space. Nevertheless, this construction works well in that situation, and might possibly be extended to other settings.
One cannot hope to strengthen this result to encompass acylindrical actions on quasi-trees: indeed Balasubramanya in [Bal17] proved that any acylindrically hyperbolic group has an acylindrical action on a quasi-tree (see also [Osi16] ), and Minasyan and Osin in [MO19] proved that some acylindrically hyperbolic groups have a fixed point property for all L p spaces. Our notion of tangent bundle also gives a short proof of the following result.
Corollary 0.1 (Cornulier-Tessera-Valette [DCTV08] ). Let G be a simple algebraic group of rank 1 over R or C, and let δ denote the Hausdorff dimension of the visual boundary of the symmetric space X of G. Then for any p > max(1, δ), G has a proper affine action on L p (X, T X).
Tangent bundle on a metric space
In this section we define a tangent bundle in the general setting of a metric measured space, although we will mainly remain in the context of discrete metric spaces, where the measure is the counting measure.
Definition 0.1. Let (X, d, µ) be a metric measured space, where µ is a Borel measure. We say that X has a tangent bundle T X if:
(1) T X is a Polish space, with a Borel map π : T X → X (2) for every a ∈ X, π −1 (a) is a Banach space, denoted T a X (3) there is a measurable map X × X → T X, (a, x) → − → ax, so that − → ax ∈ T a X for all a and all x, and so that − → aa = 0 for all a. For κ ≤ 0, we say that the tangent bundle has curvature at most κ if for every C ≥ 0, there exists D C ≥ 0 such that, for each a, x, y ∈ X with d(x, y) ≤ C, we have
We say that the tangent bundle is proper if there exists a proper function f : [0, +∞) → [0, +∞) such that, for every x, y ∈ X, for every p > 1, we have
If a group G acts by isometries on X, preserving the measure, we say that T X is G-equivariant if, for every a and g ∈ G, there is an isometry φ g : T a X → T ga X such that for every x ∈ X, we have
Example 1. Let M be a uniquely geodesic Riemannian manifold, and T M its usual tangent bundle. For a = x in M, define the vector − → ax in T a M to be the unit vector tangent to the geodesic from a to x. This data endows M with a tangent bundle in the sense above. If the sectional curvature of M is at most κ, then the tangent bundle has curvature at most κ. Note that contrary to what the notation may suggest, in this example, the vector has norm 1, regardless of the distance between a and x. It is Isom(X)-equivariant. Example 3 (Alvarez-Lafforgue [AL17] ). Let X be the Cayley graph of a Gromov hyperbolic group, with its graph metric and counting measure. Let δ be a hyperbolicity constant, and for all a ∈ X, let T a X be the Hilbert (euclidean) space of maps from the ball B(a, 4δ) of radius 4δ around a, to R. Let T X be the disjoint union of the T a X, and for each x = a, let − → ax ∈ T a X be the map µ x (a) : B(a, 4δ) → R constructed by Alvarez and Lafforgue in [AL17, Théorème 4.1]. This endows X with an Isom(X)-equivariant proper tangent bundle with negative curvature. In this construction, the vector − → ax has unit norm for the ℓ 1 -norm on T a M.
In [CD] it is shown that this result remains true if one relaxes the assumptions to the case of hyperbolic graphs that are possibly not locally finite, but that are uniformly fine, allowing coned-off graphs of relatively hyperbolic groups. We will explain how CAT(-1) spaces and quasi-trees have proper tangent bundles of negative curvature in Section 3.
Actions on L p -spaces from negatively curved tangent bundles
We now to explain how tangent bundles of negative curvature relate to proper actions on L p -spaces.
Definition 0.2. Let (X, d, µ) be a metric measured space, and assume that X has a tangent bundle T X. For 1 ≤ p ≤ ∞, we define L p (X, T X) as the set of measurable functions f : X → T X such that f (x) ∈ T x X for every x ∈ X and
Definition 0.3. Let (X, d, µ) be a metric measured space. The volume entropy of X is the number h vol defined as
(it is easy to see that this limit is independent of x).
Theorem 0.2. Assume that a group G acts on a metric measured space (X, d, µ) by measure-preserving isometries and the volume entropy h of X is finite. If X has a G-equivariant tangent bundle with curvature at most κ < 0, then for any p > h |κ| , the group G admits an affine action on L p (X, T X), which is proper when the tangent bundle is proper.
We define a linear isometric action π of G on V by
Note that π g (f )(x) ∈ φ g (T g −1 ·x X) = T x X for any g ∈ G and f ∈ V . We then fix a basepoint o ∈ X, and set f o : X → T X, x → − → xo ∈ T x X, so that we can define a cocyle by
Indeed, since π g (f 0 )(x) ∈ T x X, the map c is well-defined, and it is a cocycle since it is a coboundary. We now prove that c is integrable, i.e. takes values in V . Fix a g ∈ G and let
If we assume furthermore that T X is a proper tangent bundle, we have c(g
Since the action of G on X is proper, we deduce that c is proper as well.
Tangent bundles on negatively curved spaces
Beside the examples presented in Section 1, we now see that quasiconvex orbits of metrically proper actions of groups in CAT(-1) spaces, or quasi-trees, have an equivariant tangent space with negative curvature, for the counting measure.
Definition 0.4. A quasi-tree is a geodesic metric space which is quasiisometric to a tree.
Recall from [Man05, Theorem 4.6] the following equivalent characterization, called the bottleneck property:
Theorem 0.3 (Manning) . Let X be a geodesic metric space. Then X is a quasi-tree if and only if there exists ∆ > 0 such that for every x, y ∈ X there exists a point m such that d(x, m) = d(y, m) = d(x, y)/2 and every path from x to y passes at distance less than ∆ from m.
Definition 0.5. Assume that X is a quasi-tree, and let a, x, y ∈ X. Let us define the following: R a (x, y) = inf{r ≥ 0 | x and y are disconnected in X \ B(a, r)}.
We define the angle ∢ a (x, y) as ∢ a (x, y) = e −Ra(x,y) .
Note that, up to bounded error, R a (x, y) is the Gromov product
Lemma 1. Let X be a quasi-tree, and a ∈ X. Then ∢ a is an ultrametric distance on X. Furthermore, for every C > 0, and for every a, x, y ∈ X such that d(x, y) ≤ C, there exists D C such that
Proof. Fix a ∈ X. Let us check that ∢ a is an ultrametric distance.
Using the bottleneck property, we see first that if x = y we have R a (x, y) < d(a, m) + ∆ < +∞, where m is the point obtained by Theorem 0.3. Hence ∢ a is positive definite. To prove the ultrametric inequality, we have to prove that for every x, y, z ∈ X we have
Then B(a, R) does not disconnect x from y, and does not disconnect z from y either. Hence x, y and z are in the same connected component of X \ B(a, R). Therefore R a (x, z) ≥ R, which implies the desired inequality. Using Theorem 0.3 again, we see that for r < d(a, m) − ∆, the ball B(a, r) does not disconnect x from y. Hence we have
Proposition 1.1. Let (X, d) be either a CAT(-1) space or a quasi-tree. Let G be a finitely generated group with a metrically proper action on X. Then any quasi-convex orbit has a G-equivariant tangent space with curvature ≤ −1, where µ is the counting measure on the orbit.
Proof. If there is no quasi-convex orbit then there is nothing to prove. Otherwise, let o ∈ X be a point in a quasi-convex orbit, and let Y = G·o be the orbit of o (with the induced metric and the counting measure).
For any a ∈ Y , we take
and define a proper function by f (r) = |B(o, r) ∩ G · o| for any r ∈ R + . We endow T Y = a∈Y with the disjoint union topology (note that Y is countable).
The CAT(-1) case. By assumption on the quasi-convexity of the orbit, there is a constant R ≥ 0 such that, for any x, y ∈ Y , there exists a quasi-geodesic x 0 = x, . . . ,
where [x, y] denotes the CAT(-1) geodesic in X between x and y. If ∢ X denotes the CAT(-1) angle in X, we will be using following variation: for any a, x, y ∈ X, define , ξ) ) .
This gives the structure of a tangent bundle to T Y . Let us now show that its curvature is at most -1. For any a, x, y, z ∈ Y , we have
for any x, y ∈ X such that d(x, y) ≤ C. So we deduce ∢ a (x, y) ≤ 2 sinh(C/2)e −d(a,x)+R and hence
showing that the curvature of T Y is at most −1. It remains to show that the tangent bundle is proper. Take x, y ∈ Y and let x 0 = x, . . . , x n = y be a quasi-geodesic in Y such that d(x i , x i+1 ) ≤ R and d(x i , [x, y]) ≤ R for all i = 0, . . . , n − 1. It follows that ∢ x i (x, y) = π for all i = 0, . . . , n − 1. Therefore,
Hence, for any p > 1, , we deduce that the tangent bundle is proper.
where N(x, r) is the cardinal of {γ ∈ G | d(x, γx) ≤ r}. We can now finish the proof of our main result.
Proof of Theorem 0.1. With our assumptions the critical exponent is the same as the volume entropy of an orbit (with the counting measure and the induced metric), hence we conclude combining Theorem 0.2, together with Proposition 1.1
We can now finish our proof Cornulier-Tessera-Valette's result in [DCTV08] .
Proof of Corollary 0.1. The Riemannian metric on a rank one symmetric space is CAT(-1) and defines the Hausdorff dimension δ of the visual boundary. According to [Pau97, Theorem 0.2], the critical exponent of any cocompact lattice in X is equal to δ, hence the volume entropy of X is equal to δ. According to Theorem 0.2, we deduce that for any p > max(1, δ), G has a proper affine action on L p (X, T X).
